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DEHN TWISTS AND INVARIANT CLASSES
EUGENE Z. XIA
Abstract. A degeneration of compact Ka¨hler manifolds gives rise
to a monodromy action on Betti moduli space
H
1(X,G) = Hom(pi1(X), G)/G
over smooth fibres with a complex algebraic structure group G
being either abelian or reductive. Assume that the singularities of
the central fibre is of normal crossing. When G = C, the invariant
cohomology classes arise from the global classes. This is no longer
true in general. In this paper, we produce large families of locally
invariant classes that do not arise from global ones for reductive G.
These examples exist even when G is abelian, as long as G contains
multiple torsion points. Finally, for general G, we make a new
conjecture on local invariant classes and produce some suggestive
examples.
1. Introduction
Let X be a compact Ka¨hler manifold and G an abelian or reductive
complex algebraic group. The adjoint action of G on the representation
variety Hom(π1(X), G) gives rise to the categorical quotient [8, 9]
H
1(X,G) = Hom(π1(X), G)/G.
The functor H1(·, G) is contravariant and equals the usual first Betti
cohomological functor when G = C. Let
pr : Hom(π1(X), G)→ H
1(X,G)
be the canonical projection and for a representation ρ ∈ Hom(π1(X), G),
let [ρ] = pr(ρ).
Let f : X → D be a proper holomorphic map, where X is a Ka¨hler
manifold and D ⊂ C is the unit open disk. Let D∗ = D \ {0}. If f has
maximum rank over all points of D∗ and f−1(0) has normal crossing
singularitie(s), then f is called a degeneration of Ka¨hler manifolds
(or degeneration for short). Fix s ∈ D∗ once and for all and let X =
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f−1(s). This setting gives rise to the Picard-Lefschetz diffeomorphism
[2]
T : X → X.
Let X0 = f
−1(0). Then f induces a strong deformation retraction
X→ X0. This together with the inclusion X →֒ X give a map
c : X →֒ X→ X0.
Define
(1) c∗ = H1(c, G) and T ∗ = H1(T,G).
The local invariant cycle theorem implies that if G = C, then
(2) im(c∗) = H1(X,C)T
∗
,
where H1(X,C)T
∗
denotes the subset of H1(X,C) fixed by T ∗ [2, 10, 12,
13]. This is no longer true when G is non-abelian. Isolated examples
were found for G = SL(n,C) for various n [14]. These examples are of
the type [ρ] ∈ H1(X,G) with finite im(ρ).
For the rest of the paper, assume G to be reductive; moreover, for a
given degeneration f : X→ D, always assume X = f−1(s) and that it
is a compact Riemann surface with genus p > 0 and that X0 = f
−1(0)
is singular with normal crossing. Let e be the identity element and N
the subset of torsion points of G. Since G is reductive, N 6= {e}. Let
Vf = H
1(X,G)T
∗
\ im(c∗).
We refer to Vf as the exceptional family of f . Theorem 4.1 shows that
Vf can be rather large for the simple reason of N 6= {e} and this is
true even when G is abelian (such as C×). From this perspective, one
has Equation (2) because C is unipotent with 0 being its only torsion
point.
We introduce the more restrictive notion of simple degeneration (Def-
inition 5.1) and construct more examples with respect to simple degen-
erations with Theorem 5.5.
These examples motivate us to modify the local invariant class state-
ment to Conjecture 5.7. We define the notion of pseudo-degeneration
(Definition 3.2) and produce exceptional families of pseudo-degenerations.
The existence of these families and the example in Section 7 shed light
on Conjecture 5.7.
Acknowledgement: The author is grateful to Domingo Toledo for
helpful discussions, to Jiu-Kang Yu for reading previous versions of the
manuscript and for comments and discussions and to the referee for
careful review.
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2. Definitions and constructions
2.1. The fundamental groups and their representations. We be-
gin by recalling our standing assumptions that a degeneration f : X→
D always has singular central fibre X0 = f
−1(0) with normal crossing
and, for s ∈ D∗, X = f−1(s) is a compact Riemann surface of genus
p > 0 through out the rest of the paper. Moreover,
Vf = H
1(X,G)T
∗
\ im(c∗).
Let x ∈ X and π(x) = π1(X, x) be the fundamental group of X
with base point x. The definition of H1(X,G) depends on π(x), but is
independent of x. It is often true in this subject that while the technical
calculation in π(x) involves x, the results seldom depend on x. We
shorten π(x) to π and largely ignore the issue when the base point is
irrelevant. We do not distinguish an element in π and its representative
directed loop in X . All loops are assumed to be smooth. A loop in
X is simple if it has no self-intersection; moreover, it is called simple
and separating if it is null-homologous in H1(X,Z); otherwise, it is
called simple and non-separating.
p+1
p+1’
p+1
Base point
τ
τ
’1A
A
A
1A
1A
A
Figure 1: The generators of π and Dehn twists along them
Two concepts are ubiquitous, the adjoint action and the commutator
map.
Definition 2.1. Let G be any group. The dot notation g.f means
gfg−1 where g ∈ G and f may be any object upon which adjunction
makes sense. For examples, f ∈ G or f ⊆ G or f is a representation
into G.
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The commutator map is
C : G × G → G, C(g, h) = ghg−1h−1.
For 1 ≤ i ≤ 2p, let Ai ∈ π be a simple non-separating loop such that
the intersection number of Ai and Aj equals the Kronecker δ(i)(j−p).
Then there is a presentation (see Figure 1)
(3) π = 〈Ai, 1 ≤ i ≤ 2p |
p∏
i=1
C(Ai, Ai+p)〉.
Suppose G is a group. Denote by Z(G) and Aut(G) the center and
the automorphism group of G, respectively. If G acts on a set S, denote
by SG the fixed point subset of S. If a ∈ G, then Sa means S〈a〉, where
〈a〉 is the cyclic group generated by a.
For the rest of the paper, let G be a complex reductive group and
e the identity element of G. Let d, r and z denote the dimension and
rank of G and the dimension of Z(G), respectively. Let H and K be a
Cartan and a maximum compact subgroup of G with Lie algebras h, k
and g, respectively. Let N be the set of torsion points of G.
Definition 2.2. Suppose ρ : G → G is a group homomorphism. Then ρ
is irreducible if ρ(G) is not contained in any proper parabolic subgroup
of G.
Write R(G) (resp. R0(G)) for the representation variety Hom(π,G)
(resp. Hom(π1(X0), G)). Then
(4) R(G) = {a ∈ G2p :
p∏
i=1
C(ai, ai+p) = e}.
In other words, R(G) may be identified with a subvariety of G2p. The
group G acts on R(G) by conjugation
G× R(G) −→ R(G), (g, ρ) = g.ρ = gρg−1.
The resulting categorical quotient is R(G) −→ H1(X,G).
2.2. The mapping class groups and their actions. Let Diff(X)
be the group of orientation preserving diffeomorphisms ofX andDiff(X, x)
the subgroup fixing the base point x. There is a natural inclusion
ι : Diff(X, x) →֒ Diff(X). Let Γ = π0(Diff(X)) and Γ(x) =
π0(Diff(X, x)). Since every component of Diff(X) contains an ele-
ment that fixes x, the induced map ι∗ : Γ(x) → Γ is onto. The group
Γ(x) acts on π(x):
Γ(x)× π(x) −→ π(x), (γ, u) 7−→ γ(u).
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This induces a Γ(x)-action on R(G):
(5) Γ(x)× R(G) −→ R(G), (γ, ρ) 7−→ ρ ◦ γ−1.
This action factors through ι∗ and induces a Γ-action on H
1(X,G).
Definition 2.3. Suppose L is a simple loop on X such that x 6∈ L. Let
B be a small tubular neighborhood of L with x 6∈ B. Cutting along L,
there are two ways to Dehn twist along L in B. Stay consistently on
one side of X and call the right turn direction positive [3] and denote
by τL the Dehn twist in the negative direction along L.
The construction of τL ∈ Diff(X, x) actually depends on B and the
details of the twist; however, its images in Γ(x) and Γ under ι∗ do not.
Denote also by τL its images in Γ(x) and Γ.
Definition 2.4. Suppose C ∈ π is simple. Let C ′ denote a simple loop
that is a deformation of C in a small tubular neighborhood of C such
that x 6∈ C ′.
In the cases of Ai ∈ π in the standard presentation (3), deform Ai
slightly left and call the resulting loop A′i for each 1 ≤ i ≤ 2p as in
Figure 1.
By a direct calculation [4, 6] (see Figure 1),
Proposition 2.5. Let ρ ∈ R(G).
(1) Let C ∈ π be simple and separating and X1, X2 the resulting
connected components of X\C ′. Then the Dehn twist τC′-action
on H1(X,G) is covered by the τC′-action on R(G) with
τC′(ρ)(A) =
{
ρ(A) if A ∈ π1(X1)
ρ(BAB−1) if A ∈ π1(X2)
,
where B = C or B = C−1.
(2) The τA′
i
-action and the τA′
p+i
-action on H1(X,G) are covered by
τA′
i
(ρ)(Ap+i) = ρ(Ap+iA
−1
i ), τA′p+i(ρ)(Ai) = ρ(AiAp+i),
for 1 ≤ i ≤ p.
3. Dehn twists and degenerations
Consider a degeneration f : X → D. The map c∗ is defined as
follows. The map
c : X → X0
induces a homomorphism on the fundamental group
c∗ : π → π1(X0).
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This further induces a map
c∗ : R0(G)→ R(G), c
∗(ρ) = ρ ◦ c∗
which descends to the map c∗ of (1). Hence
Lemma 3.1. If [ρ] ∈ im(c∗), then ρ(C) = e for all C ∈ ker(c∗).
Definition 3.2. Let S = {C1, · · · , Cm} ⊆ π be a set of simple loops.
Suppose there exists a set of pairwise disjoint simple loops {C ′1, · · · , C
′
m}
such that C ′i is a deformation of Ci in a small tubular neighborhood of
Ci. Then the element
τS =
m∏
i=1
τni
C′
i
∈ Γ
is called a pseudo-degeneration for S. We always assume that ni ∈
Z\{0}. An element [ρ] ∈ H1(X,G) is exceptional for τS if τS([ρ]) = [ρ]
and ρ(Ci) 6= e for some i.
The construction in [3, Section 2] and [3, Theorem 3] completely
determines when a pseudo-degeneration arises from a degeneration:
Theorem 3.3 (Earle, Sipe). Let τS =
∏m
i=1 τ
ni
C′
i
∈ Γ be a pseudo-
degeneration for S = {C1, · · · , Cm} ⊆ π. Then τS = T∗ for some
degeneration f : X → D with S ⊆ ker(c∗) if and only if ni > 0 for all
i.
Remark 3.4. A degeneration as defined in [3] allows the central fibre to
have general isolated singularities. However the actual construction in
Section 2 of [3] clearly shows that the central fibre has normal crossings
and the degeneration is of the type {uv = tni} → t near the singularity
associated with Ci.
By Lemma 3.1,
Corollary 3.5. Suppose that f : X → D is a degeneration as in The-
orem 3.3 and τS = T∗ for S = {C1, · · · , Cn}. If [ρ] ∈ im(c
∗), then
ρ(Ci) = e for all i.
4. Exceptional families
In this section, we prove that the exceptional loci Vf can be rather
large. Recall that N 6= {e} is the set of torsion points of G.
Theorem 4.1.
(1) Suppose p = 1. Then there exists a degeneration f : X → D
with dim(Vf ) ≥ r.
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(2) Suppose p > 1. Then there exists a degeneration f : X → D
and [ρ] ∈ Vf with im(ρ) being irreducible and Zariski dense in
G. Moreover dim(Vf) ≥ (2p− 3)d+ 2z.
Proof. Suppose that λ ∈ N \ {e} is an n-torsion point and
Vλ = {ρ ∈ R(G) : ρ(A1) = λ} = {a ∈ R(G) : a1 = λ},
via the identification (4). Let ρ ∈ Vλ. By Theorem 3.3, there is a
degeneration f : X → D with T∗ = τS = τ
n
A′
1
, where S = {A1} ⊆
ker(c∗). Since ρ(A1)
−n = λ−n = e, τS(ρ) = ρ by Proposition 2.5(2).
Hence [ρ] is a cocycle class invariant under T ∗. Since ρ(A1) = λ 6= e,
[ρ] 6∈ im(c∗) by Corollary 3.5. Hence pr(Vλ) ⊆ Vf .
Suppose p = 1. Then
Vλ ⊇ {a2 ∈ G : C(λ, a2) = e} = G
λ.
Then dim(Vf) ≥ r. This proves part (1).
Suppose p > 1. There exists a two generator subgroup 〈g, h〉 that is
irreducible and Zariski dense in G. Since N ∩K is dense in K in the
usual topology, we may choose λ ∈ N ∩K and h ∈ G such that 〈λ, h〉
is irreducible and Zariski dense in G. Since p > 1, there exists ρ ∈ Vλ
such that {
ρ(A1) = ρ(Ap+2) = λ, ρ(A2) = ρ(Ap+1) = h
ρ(Ai) = ρ(Ap+i) = e, for 3 ≤ i ≤ p
.
Then ρ satisfies the required condition. A direct calculation then shows
that
dim(Vλ) ≥ (2p− 2)d+ z, dim(Vf) ≥ (2p− 3)d+ 2z.

5. More simple examples
The previous section shows that the exceptional family can be rather
large even when G is abelian. In this section, we give more examples
corresponding to a more restrictive class of degenerations. For simplic-
ity, assume that G is semi-simple.
Definition 5.1. A degeneration f : X → D is simple if it gives rise to
a pseudo-degeneration with ni = 1 for all i, where ni is as in Theorem
3.3.
Lemma 5.2. The map C : K×K → K is surjective; hence, the center
Z(G) is contained in C(K ×K).
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Proof. Since G as well as K are semi-simple, C(K ×K) = K by [11,
Remark (2.1.5)]. The Lemma follows because Z(G) is finite and con-
tained in Z(K). 
The following Proposition 5.3 is a direct consequence of [7, Theorem
1.3] as pointed out to me by Jiu-Kang Yu:
Proposition 5.3. If p ≥ 1, then the space
{(a1, · · · , a2p) ∈ G
2p : 〈a1, · · · , a2p〉 is Zariski dense in G}
is Zariski open in G2p.
By identification (4), R(G) is a subvariety of G2p. Since the inter-
section of a subvariety with a Zariski open set is Zariski open in the
subvariety, we have
Corollary 5.4. If p ≥ 1, then the space
{ρ ∈ R(G) : im(ρ) is Zariski dense in G}
is Zariski open in R(G).
Theorem 5.5.
(1) If p > 0, then there exists simple degeneration f : X→ D such
that Vf 6= ∅.
(2) If p > 1 and G contains a closed semi-simple subgroup G′ with
Z(G′) 6= {e} and dim(G′) = d′, then there exists simple degen-
eration f : X→ D such that dim(Vf ) ≥ (2p− 2)d
′ − d.
(3) If p > 2 and G contains a closed semi-simple subgroup G′ with
Z(G′) 6= {e} and dim(G′) = d′, then there exists simple degen-
eration f : X → D with [ρ] ∈ Vf such that im(ρ) is irreducible
and Zariski dense in G′; moreover, dim(Vf ) ≥ (2p− 3)d
′.
Proof. Let 1 ≤ n ≤ p and let N(H) be the normalizer of H . Consider
the adjoint action of N(H) on H
N(H)×H → H, (w, h) = w.h = whw−1.
Suppose that there exist w ∈ N(H) and g, h ∈ H such that g 6= e and
(6)
{
w.(hg) = h
C(g, w)n = e
.
Then
(7) h.(g, wg−1) = (hgh−1, hwg−1h−1) = (g, w).
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Let 1 ≤ i1 < · · · < in ≤ p and ρ ∈ R(G) such that
(8) ρ(Al) =


g if l = ij for some j
w if l = ij + p for some j
e if otherwise
By Proposition 2.5(2) and Theorem 3.3, there exists a degeneration
f : X → D such that T∗ = τS =
∏n
j=1 τA′ij
with S = {Ai1 , · · · , Ain} ⊆
ker(c∗). By (7) and Proposition 2.5(2), τS(ρ) = h.ρ. Hence, τS([ρ]) =
[ρ], i.e. [ρ] ∈ H1(X,G)T
∗
. Since ρ(Aij ) = g 6= e, [ρ] 6∈ im(c
∗) by
Corollary 3.5. Hence [ρ] ∈ Vf .
For any g ∈ H , since w.g ∈ H , w.g commutes with g. Hence
C(g, w)n = gn(w.g)n. Hence C(g, w)n = e if and only (w.g)n = g−n.
Since G either contains PGL(2) or SL(2), part (1) will follow if we
find triples w, g, h satisfying Equation (6) with g 6= e for the cases of
G = PGL(2) and G = SL(2).
Let 1 ≤ n ≤ p and G = PGL(2) (resp. G = SL(2)). For 1 ≤ i1 <
· · · < in ≤ p, let s ∈ C \ {±1} (resp. s ∈ C \ {1}) with s
2n = 1 (resp.
sn = 1) and
g =
[
s 0
0 1/s
]
, w =
[
0 1
−1 0
]
, h =
[
t 0
0 1/t
]
,
where t2 = s. Let ρ ∈ R(G) be as defined by (8). Then h.(g, wg−1) =
(g, w). Hence [ρ] ∈ Vf with Aij ∈ ker(c∗). Incidentally, im(ρ) is abelian
in these two cases if p = 1, but observe that h 6∈ im(ρ). This proves
part (1). Notice that in this case τS(ρ) 6= ρ.
For part (2) and (3), let K ′ be the maximum compact subgroup of
G′.
Suppose p > 1. Let λ ∈ Z(G′) \ {e} and
Vλ = {ρ ∈ R(G
′) : ρ(C(A1, Ap+1)) = λ} = {a ∈ R(G
′) : C(a1, ap+1) = λ},
via the identification (4). Since p > 1, by Lemma 5.2, Vλ 6= ∅. A direct
calculation shows that
dim(Vλ) ≥ 2(p− 1)d
′.
Let ρ ∈ Vλ. The element C(A1, Ap+1) corresponds to a simple and
separating loop C on X . By Theorem 3.3, there is a degeneration
f : X → D such that T∗ = τS = τC′ with S = {C}. Since ρ(C) = λ ∈
Z(G′), τS(ρ) = ρ by Proposition 2.5(1). Hence [ρ] is a cocycle class
invariant under T ∗. Since ρ(C) = λ 6= e, [ρ] 6∈ im(c∗) by Corollary 3.5.
Hence pr(Vλ) ⊆ Vf . Then
dim(Vf ) ≥ dim(Vλ)− d ≥ 2(p− 1)d
′ − d.
This proves part (2).
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Suppose in addition that p > 2. Let g, h ∈ K ′ such that 〈g, h〉 is
Zariski dense in G′. Then (λC(g, h))−1 ∈ C(K ′ ×K ′) by Lemma 5.2.
Hence there exits ρ0 ∈ Vλ such that

ρ0(C(A1, Ap+1)) = λ,
ρ0(A2) = g, ρ(Ap+2) = h,
ρ0(C(A3, Ap+3)) = λ
−1C(g, h)
Then 〈g, h〉 ⊆ im(ρ) ⊆ G′. Hence pr(Vλ) ⊆ Vf .
The property of im(ρ) being irreducible is open. Since G′ is semi-
simple, by Corollary 5.4, there exists a Zariski open set V0 ⊆ Vλ con-
taining ρ0 such that ρ ∈ V0 if and only if ρ is irreducible and with im(ρ)
being Zariski dense in G′.
Let ρ ∈ V0 and
Gρ = {g ∈ G : g.im(ρ) ⊆ G
′}.
Let g ∈ Gρ. Since im(ρ) is Zariski dense in G
′, g.G′ = G′, i.e. the
Gρ-action on R(G
′) factors through Aut(G′). Since G′ is semi-simple,
dim(Aut(G′)) = d′. Hence the Gρ-orbit of ρ is at most d
′-dimensional.
Hence
dim(Vf) ≥ dim(V0)− d
′ ≥ (2p− 3)d′.
Part (3) now follows.

Remark 5.6. For an abelian G, the Ad(G)-action on itself is trivial.
However, when G is semi-simple, the N(H)-action on H is not triv-
ial and allows the construction of the exceptional families in Theorem
5.5(1). When G is abelian, C(G×G) = {e} while almost the opposite
is true when G is semi-simple in the sense that C(G × G) is Zariski
dense and contains K. This allows one to construct the exceptional
families in Theorem 5.5(2, 3).
The examples we have constructed motivate the following conjecture
on local invariant classes:
Conjecture 5.7. Suppose f : X → D is a degeneration. If [ρ] ∈
H
1(X,G)T
∗
, then ρ(C) ∈ N for all simple C ∈ ker(c∗).
Remark 5.8. Notice that even if G is reductive and not necessarily
semi-simple, it is still the case that C(G,G)∩Z(G) ⊆ N ; otherwise, the
construction for Theorem 5.5(2) would have yielded counterexamples to
Conjecture 5.7.
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6. Pseudo-degenerations
We do not have a counter-example for Conjecture 5.7 (obviously).
However we do have the following suggestive example. Assume G is
semi-simple in this section.
Lemma 6.1. Let g ∈ K. Then
C : K ×Kg → K
is onto.
Proof. It is sufficient to assume g is regular. The Lemma then follows
from [11, Proposition (B.1)]. 
Let pr1 : W
′ → G be the projection to the first factor, where
W ′ = {(g, h, k) ∈ G×G×G : k.(g, hg−1) = (g, h)}.
Proposition 6.2. The image pr1(W
′) contains K.
Proof. The equation k.(hg−1) = h is equivalent to g = C(k−1, h−1).
Let g ∈ K. By Lemma 6.1,
pr−11 (g) = {(h, k) ∈ G×G
g : g = C(k−1, h−1)} 6= ∅.

Consider the presentation of π as in Figure 1. Let W ⊆ R(G) such
that ρ ∈ W if 

ρ(A1) = ρ(Ap+2) = g
ρ(A2) = ρ(Ap+1) = h
ρ(Ai), ρ(Ap+i) ∈ G
k for 3 ≤ i ≤ p
,
where (g, h, k) ∈ W ′. Let
S = {A1, Ap+2}, τS = τA′
1
τ−1
A′p+2
.
Let ρ ∈ W . Then by Proposition 2.5(2) (see Figure 1),
τS(ρ)(A2) = ρ(A2A
−1
p+2) = hg
−1 = ρ(Ap+1A
−1
1 ) = τS(ρ)(Ap+1);
moreover, τS(ρ)(Ai) = ρ(Ai) for 1 ≤ i ≤ 2p and i 6= 2, p + 1. By
Proposition 6.2, τS(ρ) = k.ρ; hence, τS([ρ]) = [ρ]. Moreover, the image
of the map
W → G : ρ→ ρ(A1)
contains K. Hence the family pr(W ) would have contained counter-
examples to Conjecture 5.7 if τS had actually arisen from a degenera-
tion.
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For an explicit construction with G = SL(2), let s, t ∈ C×, t2 = s
and
g =
[
s 0
0 1/s
]
, h =
[
0 1
−1 0
]
, k =
[
t 0
0 1/t
]
.
Since τS contains a negative power τ
−1
Ap+1
, by Theorem 3.3, the pseudo-
degeneration τS does not correspond to a degeneration. However it can
be realized by the following family of hyperelliptic curves parameterized
by t:
y2 = (z+(t−1)a2− ta1)(z−a2)(z−a3)(z+(t¯−1)a5− t¯a4)
2g+2∏
i=5
(z−ai),
where a1, · · · , a2p+2 are distinct complex numbers and t¯means the com-
plex conjugate of t.
7. The case of ˜SL(2,R)
In this final section, we give yet another suggestive example with re-
gard to Conjecture 5.7. Up to this point, G is assumed to be complex
algebraic and this is a standing assumption for Conjecture 5.7. Now we
consider ˜SL(2,R), the universal cover of SL(2,R). The group ˜SL(2,R)
is not algebraic; however, one may still define R( ˜SL(2,R)) as a topo-
logical space (see Definition (4)) and H1(X, ˜SL(2,R)) as its topological
quotient by the adjoint ˜SL(2,R)-action. Similarly, there is a Γ-action
on R( ˜SL(2,R)) which descends to a Γ-action on H1(X, ˜SL(2,R)). Like-
wise, if f : X → D is a degeneration, then the corresponding map
T ∗ : H1(X, ˜SL(2,R))→ H1(X, ˜SL(2,R)) is similarly defined.
The center Z( ˜SL(2,R)) is isomorphic to Z. Let η ∈ Z( ˜SL(2,R))
be a generator and C2 = {ab : a, b ∈ C( ˜SL(2,R) × ˜SL(2,R))}. Then
η, η−1 ∈ C2 (see [5], Sections 9 & 10).
Proposition 7.1. If p > 3, then there exists a degeneration f : X→ D,
a simple C ∈ ker(c∗) and [ρ] ∈ H
1(X, ˜SL(2,R))T
∗
such that ρ(C) has
infinite order.
Proof. The proof is similar to the proof of Theorem 5.5 (2). Let C =∏2
i=1C(Ai, Ap+i). Then C is represented by a simple and separating
loop on X . Since η, η−1 ∈ C2 and p > 3, there exits ρ ∈ R( ˜SL(2,R))
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such that
ρ(C) = ρ(
2∏
i=1
C(Ai, Ap+i)) = η, ρ(
p∏
i=3
C(Ai, Ap+i)) = η
−1.
Therefore the order of ρ(C) is infinite. By Theorem 3.3, there is a
degeneration f : X → D such that T∗ = τS with S = {C}. Since
ρ(C) = η ∈ Z( ˜SL(2,R)), by Proposition 2.5 (1), τS(ρ) = ρ which
means that [ρ] ∈ H1(X, ˜SL(2,R))T
∗
. 
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